Abundance of pseudoknots: theory and observation
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The pseudoknot fold is often seen in auto-catalytic RNA and in viruses. The relative probabil-
ities of different pseudoknot folds predicted by a statistical-mechanical theory is consonant with a
database of known folds. We extend that result to estimate the abundance of pseudoknot folds in
RNA sequences, finding approximately 1 pseudoknot per 40,000 nucleotides. This theoretical prob-
ability density compares favorably to what we infer from structure databases and has implications
for genome organization, RNA folding algorithms, and the RNA World.

The pseudoknot fold is an uncommon RNA secondary
structure of unusual importance. Defined by its non-
nested topology (Figure 1b), it forms the catalytic core
in self-splicing introns and in many ribozymes, it en-
ables reading-frame shifts in viruses, and it participates
in translation control [1]. Pseudoknots have a catalytic
propensity. This insight emerges from directed evolu-
tion experiments: simple stem-loop RNA structures are
sufficient to bind to small molecules; however, when di-
rected to act as ligase enzymes, pseudoknot structures
emerge [2, 3]. In addition, pseudoknots are essential in
most of the natural ribozymes, see Table I.

How rare are pseudoknot structures? In this paper,
with a thermodynamic model, we predict the abundance
of pseudoknots in RNA, compute the density of pseudo-
knots observed in nature, and find the comparison agree-
able.

Pseudoknots are relatively unlikely in sequence space
because of the base-pairing constraints of the stems; how-
ever, they have more base pairing and thus a lower en-
ergy than typical nested (Figure la) structures [12]. Al-
though pseudoknots may in principle be of arbitrary com-
plexity, the simple ABAB-type is by far the most com-
mon, accounting for 97% of the pseudoknots in Pseu-
doBase [12, 13], most with no nucleotides separating the
stems (see Figure 1b). This fact supports our use of only
this dominant group for our theoretical estimates.

The probability of an ABAB pseudoknotted native
state py can be computed [12] from physical principles.
The base-pairing constraints of two stems of length s;
and sy (defined in Figure 1b) must be satisfied to permit
the ABAB pattern. Complementarity occurs with prob-

Ribozyme Pseudoknot | Essential
RNase P [4] yes yes
Hepatitus Delta Virus [5] yes yes
Neurospora VS [6] yes yes
Group I intron [7] yes yes
Group II intron|8§] yes yes
Hammerhead [9] alt. fold yes
Hairpin [10] no no

glmS [11] yes enhances
Diels-Alder [1] (artificial) yes ?

TABLE I: A listing of ribozymes, whether they are pseudo-
knotted, and whether the pseudoknot is essential for function.

ability 1/4%1%%2. The one-quarter chance of each base is
both the most unbiased assumption and the actual com-
position of bases in PseudoBase [13] sequences.

If the ABAB pattern is present, the sequence may
adopt either an ABAB pseudoknot fold or a nested fold,
or remain unfolded. The equilibrium between these op-
tions is expressed in terms of Boltzmann weights. Thus,
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with 87! = RT and Gunfolded = 0. We now must specify
the free energies Gagap and Gpested-

The ABAB pseudoknot fold includes base-paired stems

and polymer loops,
GABAB = Gstems(sh 52) - TSloops(Sla 52, L17 L3)a (2)

where Ly and L3 are the numbers of nucleotides (nt)
in the loops (defined in Figure 1b). Let’s consider each
contribution separately.
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FIG. 1: (a) Nested stem-loop hairpin or branched hairpin
folds are the most common RNA structures, depicted here
with base pair connections. Stems are labeled with letters.
(b) An ABAB-pseudoknot is a non-nested structure with
crossing base-pairing lines. Stem lengths s; and s2 and loop
lengths L1, L2, and L3 are indicated. L2 = 0 in most ABAB
pseudoknots because stacking between the stems stabilizes the
structure. (c) and (d) are two-dimensional representations of

(a) and (b).



The average free energy of paired stems Ggtems is linear
in the number of base pairs in the stem. Likewise, the
average free energy of the optimal nested fold Gpesteq is
found to be linear in the number of nucleotides in the
sequence N.

Gstems = —2.14 (N — 2.5) keal/mol, 3)
Ghested = —0.287 (N — 17) keal/mol.

Free energies were obtained using version 3.2 of
MFOLD [14] which fixes the temperature at 37°C. The
Ghested Vvalues are averages of the free energy of the op-
timal fold of 100 random RNA sequences at each length
in the range 20 < N < 100. Ggtem is obtained us-
ing MFOLD with random complementary stems of length
6 < N < 100; each stem is bookended with mismatch-
ing pairs. Again 100 sequences are averaged for each V.
These linear fits have utility beyond the present context;
our group is currently using them to estimate unfolding
barriers to pass through nanopores, bind small molecules,
microarrays, and so on.

The entropy Sioops is estimated using the standard
Gaussian approximation from polymer physics. The
probability that a chain of N links of length a has an
end-to-end separation distance between D and D + d is

pa(D,N) = 4D (:3) P exo {322} ()

If a loop has L nucleotides it has N = L + 1 links of
length a = 6.2A. Using Eq. (4), the entropic contribu-
tion for a loop spanning a distance D then is Sipop =
Rn[pg(D, L + 1)]. As in Ref. [12], the distances D are
calculated from the geometry of the A-form RNA helix;
these D prove to differ for loops crossing the major and
minor grooves. The shell thickness d is the one free pa-
rameter of the theory [12], and d = 0.002A optimizes and
provides good agreement with the observed distribution
of stem lengths in PseudoBase as seen in Figure 2.
With p, fully parameterized, we can now estimate
the density of pseudoknots in the space of all possi-
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FIG. 2: Stem lengths s; and s2 are observed to follow different
distributions. The Aalberts and Hodas theory [12] for py
explains the asymmetry. The shell thickness d in Eq. (4) is
fixed to optimize agreement with the observed distribution.

ble RNA sequences, our primary interest in this paper.
The probability divided by the length of the pseudoknot
and summed over all configurations yields the probability
density:

Py (51,82, L1, L3) (5)
251 +282+L1+L3-

- %

s1,82,L1,L3

Our numerical prediction for p uses d = 0.002A in
Eq. (5). We predict the pseudoknot probability density
p ~ 1 pseudoknot per 40,000 nt.

We turn now to comparing our theoretically predicted
probability density with the observed abundances of nat-
urally occurring pseudoknotted structures. We use the
Protein Data Bank (PDB) [15] on 17 November 2006 as
our source of high quality RNA fold data. Duplicate PDB
sequences are eliminated, as are substrings [16]. Stems
which contain at least three base pairs and which cross as
in Figure 1b are identified as pseudoknotted structures,
and each crossing stem is labeled. The number of pseu-
doknots IV, is obtained by dividing the number of stem
labels by 4 in order to process more complicated pseudo-
knot patterns. Thus an ABAB pattern gives Ny, = 1, an
ABACDCDB pattern gives Ny = 2, and an ABACBC
pattern gives Ny, = 1.5.

Pseudoknot densities are calculated separately for each
species in the database simply by dividing the number of
pseudoknots by the total length of PDB sequences. There
are, however, two reasons this method may overestimate
the natural abundance of pseudoknots. First, pseudo-
knot folds are more constrained than nested structures
and therefore more likely to crystallize and give a good
X-ray images. Second, researchers are typically most in-
terested in the structures which are functional, as pseu-
doknots often are (Table I). But by composing a lower
density bound for each organism, dividing the number of
pseudoknots by the total length of the genome, we can
account for such selection biases. The range of observed
pseudoknot densities is

Ny/Lppg <~ p = Ny/Lgenomes (6)

where Lppg is the number of nucleotides in the PDB,
and Lgenome is the number in the genome. In Figure 3
with species from all domains of life, the empirical bounds
given by Eq. (6) are shown.

Stochastic RNA folding simulations like KINEFOLD can
generate complex pseudoknot folds [17]. The theory be-
hind KINEFOLD lacks important 3D structural details
such as the major and minor groove asymmetry [12]. Re-
cently KINEFOLD has been used to calculate, at 37°C,
that the average fraction of pseudoknotting base pairs is
a few percent [18]. This translates to a predicted density
of the order of one pseudoknot per 102 nt. Figure 3 shows
that actual PDB pseudoknots are at least one, and more
likely two orders of magnitude more rare than KINEFOLD
predicts.

Conventional deterministic RNA folding algorithms
such as MFOLD or VIENNARNA ignore the possibility of
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FIG. 3: The horizontal bar indicates the pseudoknot density
range for each species Lppe/Ny < 1/p < Lgenome/Ny. Note
that archaebacteria, bacteria, and eukaryote domains of life
are all represented. Our theoretical prediction, depicted as
a vertical bar, is in good agreement with experiment. The
KINEFOLD simulation results of Ref. [18] predict a high density
inconsistent with observation.

pseudoknotted structures. Our calculations and observa-
tions place a weak bound on the accuracy, given that as-
sumption. There have been several recent attempts to de-
velop deterministic RNA secondary structure algorithms
that include pseudoknot folds, for example Ref. [19].

It is interesting that 1/p is roughly the length of
preemRNA for a typical eukaryotic gene; this suggests
that longer pre-mRNA would typically have pseudoknots
which might disrupt splicing or translation, or might re-
sult in catalytic activity.

The likelihood of pseudoknots in finite fragments can
be computed in our theory. The probability of zero pseu-
doknots in a chain fragment of length f nucleotides is:

f f—n+1
() =1 (1 2 p%m> ~ e, )
N=1

n=1

where N = 2s1 + 2s9 + L1 + L3 is the total length of the
pseudoknot. For large f,

p(pseudoknot) ~ 1 — exp{—p(f — 29)}, (8)

is the probability of having one or more pseudoknots in
the fragment.

The probability of zero pseudoknots in K fragments of
length f is:

[po(£)]F (9)

Pseudoknots characteristically appear when this proba-
bility decays to 1/e, when the total material M = K f
is:

M = —f/Infpo(f)]- (10)

The dependence on fragment length is depicted in Fig-
ure 4. We find that 1/p = 40,000 nt means that a single
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FIG. 4: Because of the finite size of pseudoknots, the total
amount of RNA material M depends on the fragment size f.
In the limit of long fragments, M approaches 1/p. Results
are presented for 37° conditions.

40,000 nt sequence, one hundred 430 nt, or six hundred
100 nt RNA sequences will, with approximately equal
probabilities, contain pseudoknotted structures.

A few comments about the role of evolution are in or-
der. It is interesting that nature’s RNA, even after bil-
lions of years of evolution has basically equal numbers
of the four nucleotides. Pseudoknots might be selected
for if they provide a useful function, selected against if
they interfere with the workings of the cell, or may spon-
taneously appear or disappear due to mutations. Nev-
ertheless, the evidence suggests that our thermodynamic
model produces predictions which fall within the bounds
set by the available data. We observe that this estimate
is correct to an order-of-magnitude predictor for pseudo-
knot abundance in all domains of life.

Our theory may have something to say about the
barrier to the emergence of the first enzymes. In the
RNA World that likely predated our present-day biology,
catalytic activity and information storage are embodied
in RNA rather than protein and DNA. One key ques-
tion [20] is how much raw RNA material is required to
permit self-replication?

Given the prevalence of pseudoknots in ribozymes, the
density of pseudoknots might be regarded as a proxy
for the density of ribozymes in random RNA. In the
warmer conditions (55°C < T < 85°C) of 3.5 billion
years ago [21], we predict p(60°C) ~ 1/10° nt. The di-
rected evolution literature [2, 3] suggests that conver-
gence to efficient ribozymes from seed structures is rel-
atively rapid. In this way, estimates for the probability
of producing functional molecular structures in the RNA
World and today can be derived from physical principles.

In summary, the probability py (s1, s2, L1, L3) for pseu-
doknots with specified stem and loop lengths can be cal-
culated with a statistical-mechanical theory [12]; the pre-
dictions of this one-parameter theory agree well with ob-
served pseudoknot structures (see Figure 2) and explain



the observed asymmetry of stem lengths. The probability
density of pseudoknots today is estimated with Eq. (5).
Then, by analyzing PDB structures, we demonstrate our
theoretical estimate is correct to an order of magnitude.

We have argued that pseudoknots are common struc-
tures in ribozymes, so one may expect that the pseudo-
knot density and ribozyme density are of of the same
order of magnitude. This permits us to make a factor-of-

ten estimate of the amount of RNA material necessary
for the first ribozymes in the RNA World and address
one of the key barriers in the emergence of life.
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